Context. Hydrogen is the most abundant molecule in the Universe. Its thermodynamic quantities dominate the physical conditions in molecular clouds, protoplanetary disks, etc. It is also of high interest in plasma physics. Therefore thermodynamic data for molecular hydrogen have to be as accurate as possible in a wide temperature range. Aims. We here rigorously show the shortcomings of various simplifications that are used to calculate the total internal partition function. These shortcomings can lead to errors of up to 40 percent or more in the estimated partition function. These errors carry on to calculations of thermodynamic quantities. Therefore a more complicated approach has to be taken. Methods. Seven possible simplifications of various complexity are described, together with advantages and disadvantages of direct summation of experimental values. These were compared to what we consider the most accurate and most complete treatment (case 8). Dunham coefficients were determined from experimental and theoretical energy levels of a number of electronically excited states of H 2 . Both equilibrium and normal hydrogen was taken into consideration. Results. Various shortcomings in existing calculations are demonstrated, and the reasons for them are explained. New partition functions for equilibrium, normal, and ortho and para hydrogen are calculated and thermodynamic quantities are reported for the temperature range 1 -20000 K. Our results are compared to previous estimates in the literature. The calculations are not limited to the ground electronic state, but include all bound and quasi-bound levels of excited electronic states. Dunham coefficients of these states of H 2 are also reported. Conclusions. For most of the relevant astrophysical cases it is strongly advised to avoid using simplifications, such as a harmonic oscillator and rigid rotor or ad hoc summation limits of the eigenstates to estimate accurate partition functions and to be particularly careful when using polynomial fits to the computed values. Reported internal partition functions and thermodynamic quantities in the present work are shown to be more accurate than previously available data.
Introduction
The total internal partition function, Q tot (T ), is used to determine how atoms and molecules in thermodynamic equilibrium are distributed among the various energy states at particular temperatures. It is the statistical sum over all the Boltzmann factors for all the bound levels. If the particle is not isolated, there is an occupation probability between 0 and 1 for each level depending on interactions with its neighbours. Together with other thermodynamic quantities, partition functions are used in many astrophysical problems, including equation of state, radiative transfer, dissociation equilibrium, evaluating line intensities from spectra, and correction of line intensities to temperatures other than given in standard atlases. Owing to the importance of Q tot (T ), a number of studies were conducted throughout the past several decades to obtain more accurate values and present them in a convenient way. It is essential that a standard coherent set of Q tot (T ) is being used for any meaningful astrophysical con-
Energy levels and degeneracies
In the Born-Oppenheimer approximation (6) it is assumed that the rotational energies are independent of the vibrational energies, and the latter are independent of the electronic energies. Then the partition function can be written as the product of separate contributors -the external (i.e. translational) partition function, and the rotational, vibrational, and electronic partition functions.
Translational partition function
The Q tr can be expressed analytically as
where
and N is the number of particles, k B is Boltzmann's constant, P is the pressure, and m the mass of the particle. The rest of this section considers the internal part, Q int .
Vibrational energies
The energy levels of the harmonic oscillator (HO)
depend on the integer vibrational quantum number v = 0, 1, 2, ... These energy levels are equally spaced by
The frequency ω = 1 2π k/µ depends on the constant k, which is the force constant of the oscillator, and µ, the reduced mass of the molecule. The lowest vibrational level is E = 1 2 hω. The harmonic oscillator potential approximates a real diatomic molecule potential well enough in the vicinity of the potential minimum at R = R e , where R is the internuclear distance and R e is the equilibrium bond distance, but it deviates increasingly for larger |R−R e |. A better approximation is a Morse potential,
where E D is the dissociation energy of the rigid molecule. The experimentally determined dissociation energy E exp D , where the molecule is dissociated from its lowest vibration level, has to be distinguished from the binding energy E B of the potential well, which is measured from the minimum of the potential. The difference is E 
When using a Morse potential, the vibrational levels are clearly no longer equidistant: the separations between the adjacent levels decrease with increasing vibrational quantum number v, in agreement with experimental observations. In astrophysical applications these energies are commonly expressed in term-values G(v) = E(v)/hc, and the vibrational energies in the harmonic case are then given as
and in the anharmonic case are given (when second-order truncation is assumed) as
where ω e = ω c is the harmonic wave number, ω e x e = is the anharmonicity term, and ω = a 2E D /µ is the vibrational frequency. We remark that literally, only ω is a frequency (measured in s −1 ), while ω e is a wave number (measured in cm −1 ), but in the literature ω e is commonly erroneously called a frequency any way. In the harmonic approximation, the Boltzmann factor (i.e. the relative population of the energy levels) can be summed analytically from v = 0 to v = ∞ (22), 
Rotational energies
In the rigid rotor approximation (RRA), a diatomic molecule can rotate around any axis through the centre of mass with an angular velocity ω ∠ . Its rotation energy is
here I = µR 2 is the moment of inertia of the molecule with respect to the rotational axis and |J| = Iω ∠ is its rotational angular momentum. In the simplest quantum mechanical approximation, the square of the classical angular momentum is substituted by J(J + 1),
|J|
2 → J(J + 1) 2 and the rotational quantum number J can take only discrete values. The rotational energies of a molecule in its equilibrium position are therefore represented by a series of discrete values 
is the main rotational molecular constant and F(J) is measured in the same units as G (v) , that is, cm −1 . A mathematical advantage (but physically erroneous) of Eq. 14 is that the rotational partition function Q rot can be calculated analytically,
−hcB e J(J+1)/kT dJ = kT hcB e .
A slightly more general approximation would be a non-rigid rotor. In this case, when the molecule rotates, the centrifugal force,
∠ R e , acts on the atoms and the internuclear distance widens to a value R that is longer than R e , and then the rotation energies are expressed as
where k = 4π 2 ω 2 ∠ c 2 µ is the restoring force constant in a harmonic oscillator approximation, introduced above. For a given value of the rotational quantum number J the centrifugal widening makes the moment of inertia larger and therefore the rotational energy lower, as expressed in Eq. (17). This effect compensates for the increase in potential energy. Using term-values, a centrifugal distortion constant D e is introduced into Eq. (14), yielding 
It is often assumed that two terms are enough to have a good approximation and that more terms only give a negligible effect on the partition function. Unfortunately, this is rarely the case. When higher vibrational and rotational states are taken into consideration, as we show in the subsequent sections, higher order terms must be used. The rotational partition function Q rot can be computed in the same way as the vibrational partition function. However, there are 2J + 1 independent ways the rotational axis can orient itself in space with the same given energy. Furthermore, a symmetry factor, σ, has to be added as well if no full treatment of the nuclear spin degeneracy is included. In this case, oppositely oriented homonuclear molecules are indistinguishable, and half of their 2J + 1 states are absent. Hence σ is 2 for homonuclear molecules and unity for heteronuclear molecules, and this leads to half as many states in homonuclear molecules as in corresponding heteronuclear moleculs, such that Eq. (16) becomes
In the full spin-split degeneracy treatment for homonuclear molecules, the degeneracy factor is given by
for the possible orientations of the nuclear spins S 1 and S 2 . For the two nuclei, each with spin S, there are S (2S +1) antisymmetric spin states and (S + 1)(2S + 1) symmetric ones. For diatomic molecules, composed of identical Fermi nuclei 1 , the spin-split degeneracy for even and odd J states are
respectively. The normalisation factor for g n is 1/(2S + 1) 2 . For identical Bose nuclei 2 , the spin-split degeneracy for even and odd J states are opposite to what they are for Fermi systems.
Interaction between vibration and rotation
Interaction between vibrational and rotational motion can be allowed by using a different value of B v for each vibrational level:
where α e is the rotation-vibration interaction constant.
Electronic energies
The excited electronic energy levels typically are at much higher energies than the pure vibrational and rotational energy levels. For molecules they therefore contribute only a fraction to the partition function. Bohn & Wolf (4, 1984) points out that for molecules the electronic state typically is non-degenerate because the electronic energy is typically higher than the dissociation energy, so that Q el = 1. Although this is the case for most molecules, others do have degenerate states, therefore Q el is sometimes fully calculated nonetheless. Naturally, molecules can and do occupy excited electronic states, as many experiments show. The electronic partition function is expressed as
whereω e = (2 − δ 0,Λ )(2S + 1) is the electronic statistical weight, where δ i, j is the Kronecker delta symbol, which is 1 if Λ = 0 and 0 otherwise.
Vibrational and rotational energy cut-offs and the basic concept of quantum numbers
If the semi-classical approach to the very high eigenstates (where this approximation has already lost its validity) is maintained by assigning v and J quantum numbers either as reached from the Morse potential (Eq. (7)) or from introducing second-order terms (as is most common), then the absurdity in the approach becomes more and more obvious. In Herzberg's pragmatic interpretation (21, , p. 99-102) the classical theory is applied until the dissociation energy is reached (which for H 2 corresponds to v = 14), and then v values are disregarded above this. Other authors have not always been happy with this interpretation, however, and insisted on including v values well above the dissociation energy to a somewhat arbitrary maximum level, which affects the value of the partition function substantially at high temperatures. In the Morse potential (Eq. (7)) the vibrational eigenstates can in principle be counted up to v quantum numbers corresponding to approximately twice the dissociation energy, and for even higher v quantum numbers, the vibrational energy becomes a decreasing function of the increasing v number:
solving for v where ∆E(v) first becomes lower than or equal to 0, we obtain
The next level, v max + 1, would produce zero or even negative energy addition. To solve this failure, more terms are needed to better approximate the real potential. Expressing v max in vibrational term molecular constants, we obtain
v max is sometimes used as a cut-off level for summation of vibrational energies (e.g. (25)).
The classical non-rigid rotor approximation, Eq. (18) also shows that the energy between adjacent levels decreases with increasing J, thus writing Eq. (18) for J and J + 1 states and making the difference between eigenstates equal to zero,
and solving for J, we obtain the maximum rotational number,
The summation over rotational energies is commonly cut-off at some arbitrary rotational level or is approximated by an integral from 0 to ∞. When examining the literature, we did not note this J max expression. As with the non-harmonic oscillator, adding more terms to the non-rigid rotor approximation would give a better approximation. Now it is possible to measure more terms (ω y e y , ω z e z , ... for vibrational levels, H e for rotational levels). Although they are important for high-temperature molecular line lists and partition functions, they are often calculated only from energy levels measured in the vicinity of the bottom of the potential well. For higher v and J values, the resulting energies can therefore still deviate from experimentally determined energy term values. Furthermore, the whole concept of quantum numbers v and J and associated degeneracies etc. of course relates to the classical approximations in quantum theory, which breaks down at energies far from the validity of a description of the molecule as a rotating system of some kind of isolated atoms bound to one another by some kind of virtual spring. This shows that there is an unclear limit beyond which it is no longer meaningful to continue adding higher order terms to expand the simple quantum number concept to fit the highest measured energy levels. At these highest levels there is nothing other than the mathematical wavefunction itself that represent reality in a meaningful way. Given these limitations in defining the uppermost levels in a meaningful way within the semi-classical quantum mechanics, the question is whether in the end it is not more accurate to use only experimental energy levels in the construction of the partition function. However, exactly for the uppermost levels there is no such concept as experimentally determined energy levels summed to a partition function. The first problem is the practical one that for no molecule all the levels have been measured. For any missing level an assumption has to be applied, which could be to exclude the level in the summation, to make a linear fit of its energy between the surrounding measured energy levels, or to construct some type of polynomial fit from which to determine the missing levels, which would then be based on a choice of harmonic or anharmonic and rigid or non-rigid rotor or other polynomial fits. Another practical limitation is that experimentally, energy levels beyond the molecular dissociation energy would be seen. These levels can either give rise to a photo-dissociation of the molecule or relax back into a bound state, each with a certain probability. To construct a meaningful partition function, it would therefore at best have to be both temperature and pressure dependent, taking into account the timescales for molecular dissociation and recombination. An even more fundamental problem in defining a partition function based on experimental data is that each observed energy level has to be "named". This naming is done by assigning a quantum number, which associates the measurements to a chosen semi-classical theory, however, and the quantum numbers associated with the state determines the degeneracy that the summation in the partition function will be multiplied with. This dilemma becomes perhaps more clear for slightly larger molecules than H 2 where the degeneracy of the bending mode is multiplied directly into the partition function, but is a non-trivial function of the assigned vibrational quantum number of the state ( (40)), while at the same time quantum mechanical ab initio calculations show that the wavefunction of the uppermost states can only be expressed as a superposition of several wavefunctions that are expressed by each their set of quantum numbers ((27)), such that there is no "correct" assignment of the degeneracy factor that goes into the "experimental" partition function. There have been various ways in the literature to circumvent this problem. The most common is to ignore it. In some cases (e.g. (25) and (28)) it was chosen to first complement the "experimental" values with interpolation between the measured values and then add extrapolated values above the dissociation energy (ignoring the pressure dependence) based on polynomial fits to the lower levels, with a cut-off of the added levels determined by where the order of the fit caused energy increments of further states to become negative (determined e.g. from Eqs. (25) and (28)). For low temperatures these inconsistencies have no practical implication because the somewhat arbitrarily added eigenstates do not contribute to the final partition function within the noise level. For higher temperatures, however, the uncertainty due to the inconsistency of how to add energy levels above the dissociation energy becomes larger than the uncertainty in using a polynomial fit, rather than the actually computed values, as illustrated in Fig. 1 . Realising that strictly speaking there is no such concept as an experimentally summed partition function, and there is no "correct" upper level, we decided for a hybrid model, where the uppermost energy level in our summations are the minimum of the last level before the dissociation energy and the level where the energy increments become negative according to Eqs. (38) and (39), see case 8 in the next section for more details. For high temperatures this approach will give results in between the results that would be obtained by a cut at the dissociation energy of the ground electronic state and an upper level determined by Eqs. (38) and (39), or a more experimentally inspired upper level (black curve), as is illustrated in Fig. 1 . The difference between the three methods (upper cuts) is an illustration of the unavoidable uncertainty in the way the partition functions can be calculated today. In the future, computers may be powerful enough to make sufficiently , which is the zero line. The curve marked "experimental " data is derived by summing the Boltzmann factor of experimental data for the ground state used in (28) 3 . The blue curve is is the summation for the ground electronic state summed to D 0 only. The red curve is the corresponding summation of energy levels of the three lowest electronic states based on Dunham coefficients and with a cut-off according to Eqs. (38) and (39).
accurate ab initio calculations of these uppermost energy levels (but today the upper part of the ab initio energy surface is most often fitted to the experiments rather than representing numerical results).
There are no restrictions on the number of energy eigenstates available for an isolated molecule before dissociation. However, the physical conditions of a thermodynamic system impose restrictions on the number of possible energy levels through the mean internal energy (7; 44) . A molecule in a thermodynamic system is subjected to the interaction with other molecules through collisions and with the background energy that permeates the system, making the number of energy states available dependent on the physical conditions of the system. From a geometric point of view, in a thermodynamic system with total number density of particles N, the volume occupied by each molecule considering that the volume is cubic and of side L, is L 3 = 1/N. This imposes a maximum size that the molecule may have without invading the space of other molecules, and therefore the number of states becomes finite. From a physical point of view, the number of energy states of the molecules is delimited by the interactions with the rest of the system since the energy state above the last one becomes dissociated by the mean background thermal energy of the system under study. Hence the maximum number of states available for a particle is dependent on the properties of the surrounding system. (8) have shown that in a dense medium (N ≥ 10 21 cm −3 ) interaction between molecules and their surroundings starts to become important and that the physical approach dominates the geometrical one. They also derived equations for the maximum vibrational and rotational levels in such conditions, assuming the rigid rotor approximation. 3 listed at http://kurucz.harvard.edu/molecules/h2/ eleroyh2.dat
Simplifications used in other studies
In this section we briefly review the simplifications in calculating Q int that have been used and how they compare to each other.
Case 1.
This is the simplest case that is often given in textbooks: a simple product of harmonic oscillator approximation (HOA) and rigid rotor approximation (RRA), respectively summed and integrated to infinity, assuming Born-Oppenheimer approximation without interaction between vibration and rotation, and assuming that only the ground electronic state is present. Q int then becomes a simple product of Eqs. (10) and (26):
where c 2 = hc/k B is the second radiation constant.
Case 2.
This time, HOA is dropped. v max is evaluated by Eq. (25) 4 , only ground electronic state and no upper energy limit are assumed:
where the first term refers to the lowest vibrational level of the ground state instead of the bottom of the potential well.
Case 3.
This is the same as case 2, but this time B e in Eq. 30 is replaced by B v , obtained by Eq. (22) (i.e. the Born-Oppenheimer approximation is abandoned):
Case 4.
This is the same as case 3, but this time an arbitrary energy truncation for the vibrational energy is added. The most commonly used (42; 38; 37; 13; 20; 14; 12) value is 40000 cm −1 :
In this case, excited electronic states are added,
where T e,max = 40000 cm −1 .
Case 6.
This case provides the full treatment: we finally drop the RRA. As in cases 3 -5, this case also fully abandons the BornOppenheimer approximation because electronic and vibrational and rotational states are interacting and depend on one another. Different vibrational and rotational molecular constants are used for the different electronic levels. Furthermore, the arbitrary truncation is dropped and the real molecular dissociation energy, D 0 , is used for the ground state. In principle, molecules can occupy eigenstates above the dissociation energy, but they are not stable and dissociate almost instantly or relax to lower states below the dissociation level. Since the timescale for dissociation is usually shorter than for relaxation, molecules tend to dissociate rather than relax. Furthermore, a pre-dissociation state is usually present for molecules, where no eigenstates can be distinguished and a continuum of energies is present. This regime is beyond the scope of this work. For excited electronic states the ionisation energy is used instead of the dissociation energy. The equation for the full treatment takes the form
where G v is calculated as in Eq. (9),
2 , where B v is calculated as in Eq. (22), and
2 ). T e,max is the term energy of the highest excited electronic state and is taken into account. For each electronic state the v and J quantum numbers are summed to a maximum value that corresponds to the dissociation energy of that particular electronic state.
Case 7.
For homonuclear molecules, nuclear spin-split degeneracy must also be taken into account. In this case, the form of the equation is
where g n is calculated as in Eq. (21).
Case 8.
This is the most accurate model we present here. Although cases 6 and 7 give reasonable results, they are still not sufficient at high temperatures. Molecular constants are conceptually rooted in classical mechanics (such as force constants of a spring and centrifugal distortion), and most often they are evaluated only from lower parts of the potential well and represent higher states poorly. For this reason it is more accurate to use a Dunham polynomial (11) to evaluate energy levels,
where Y ik are Dunham polynomial fitting constants. These constants are not exactly related to classical mechanical concepts, such as bond lengths and force constants, and as such represent one step further into modern quantum mechanics. 
In this case, v max and J max are evaluated numerically, defined as the first v or J, where ∆E ≤ 0 (as in case 2, but now based on less biased coefficients), with ∆E given as
for v max , and
for J max .
Thermodynamic properties
From Q tot and its first and second derivatives we calculate thermodynamic properties. For Q tr (Eq. (1)) we assume 1 mol of ideal-gas molecules, N = N A , Avogadro's number. The ideal-gas standard-state pressure (SSP) is taken to be p • = 1 bar and the molecular mass is given in amu. The internal contribution E int to the thermodynamic energy, the internal energy U − H(0), the enthalpy H − H(0), the entropy S , the constant-pressure specific heat C p , the constant-volume specific heat C v , the Gibbs free energy G−H(0), and the adiabatic index γ are obtained respectively from 5 In most cases the estimated energies from Dunham polynomials differ by less than 1 cm −1 from experimentally determined energies. For high energies they can, however, sometimes differ by up to 20 cm −1 .
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Orto/para ratio of molecular hydrogen
In addition to equilibrium hydrogen, we also calculate the normal hydrogen following the paradigm of (9) . In this case, orthohydrogen and para-hydrogen are not in equilibrium, but act as separate species. This aspect is particularly important for simulations of protoplanetary disks. The equilibrium timescale is short enough (300 yr) that the ortho/para ratio (OPR) can thermalise in the lifetime of a disk, but the equilibrium timescale is longer than the dynamical timescale inside about 40 AU (5). In case of normal hydrogen, ortho and para states have to be treated separately. Then Eq. (37) is split into two, one for para states:
and one for orhto states:
We note that weights for nuclear spin-split are omitted. The partition function for ortho-hydrogen is (as opposed to Q para ) referred to the first excited rotational level (J = 1) of the ground electronic state in its ground vibrational level. ε 001 can be considered as the formation energy of the ortho-hydrogen (9). Q int is then (9)
where g p and g o are the statistical weights of the ortho and para configurations, 0.25 and 0.75, respectively. Moreover, the OPR is not necessarily either 3 or in equilibrium, but can be a timedependant variable. The last consideration is beyond the scope of this work, therefore we do not discuss different ratios and assume that there are only two possibilities: either H 2 is in equilibrium or not.
Results and comparison
We finally are ready to compare these different approaches. We here focus on H 2 , but we plan to apply the theory given above to other molecules in a forthcoming paper. Since Q int varies with several orders of magnitude as a function of temperature, we normalised the differences to case 8 :
, where X is the case number.
Molecular constants for cases 1-7 were taken from the NIST 6 database, summarised in (34). D 0 = 36118.0696 cm −1 (35). Experimental and theoretical data for molecular hydrogen for case 8 was taken from a number of sources that are summarised in Table 1 . Theoretical calculations were used only when observational data were incomplete. For every electronic state, coefficients were fitted to all v − J configurations simultaneously using a weighted Levenberg-Marquardt (43) algorithm and giving lower weights to theoretical data.
Determination of Dunham coefficients and evaluation of their accuracy
In this subsection we show how estimated energies from our Dunham coefficients for particular e, v, J configurations compare to those estimated from molecular constants and to experimental data. For simplicity we will here discuss only two electronic (X 1sσ, D 3pπ) 7 and vibrational (v =0 and 10) configurations of molecular hydrogen. Additionally, for the X 1sσ state we show Dunham coefficients from (10) and (25). For (10) signs had to be inverted for the Y 02 , Y 04 , Y 12 , Y 14 , and Y 22 coefficients so that they would correctly follow the convention presented in Eq. (36). The comparison is shown in Fig. 2 . The top panels show vibrational energies of both states, middle panels show energy levels of the v = 0 vibrational state, and bottom panels show energy levels of the v = 10 vibrational state. Experimental data are shown as black dots, red curves represent calculations of this work, green curves calculations from molecular constants, blue and cyan calculations using Dunham coefficients from (25) and (10), respectively. The top panels in all panels show the resulting energies, the bottom panels the residuals (calculated -experimental) in logarithmic scale. Triangles, facing down, indicate that the calculated energy is lower than observed, upward facing triangles that it is higher. These figures show that energies calculated from molecular constants can diverge substantially, especially in the X 1sσ state, which contributes most to Q int . For most of the states the results of (25) are of similar quality as ours (but we used fewer coefficients, which speeds up the Q int calculation), while for the lower vibrational levels of the X 1sσ state our results are much more accurate (especially at high J). A complete set of Dunham coefficients is given in Tables 2 to  23 (available online) . The number of coefficients for all cases was chosen separately from examining the RMSE (root mean square error, compared to experimental/theoretical data) to determine those with the lowest number of coefficients and lowest RMSE. In some cases as little as a 5x5 matrix is enough (e.g. EF 2pσ2pσ
2 ), whereas in other cases up to a 11x11 matrix 6 A&A proofs: manuscript no. 27209_ap is needed. These differences depend on the complexity of the shape of the potential well. In all the tables the limiting energies are given up to which particular matrices should be used. All the limitations have to be employed (maximum energy as well as Eqs. (38) and (39)) for every electronic configuration, since all the coefficients are only valid under these limitations.
Comparison of cases 1 to 8
First, we consider only the equilibrium H 2 . The comparison of cases 1-7 to case 8 is shown in Fig. (3) . The main differences between all cases come from whether or not rigid-rotor approximation is used. The simplest case, case 1, underestimates Q int throughout the complete temperature range. The underestimation in the high-temperature range is easily explained by the equidistant separation (or linear increase with increasing J) between eigenstates (Eqs. (4) and (13), respectively): in HOA/RRA the eigenstate energies are higher for a given set of v, J values than when less strict approximations are used (Eq. (7)). This effect is particularly strong for H 2 , since the rotational distortion constant D e (see Eq. (18)) is so large (D e,H 2 = 0.0471 for the X 1 Σ g state, whereas it is only D e,CO = 6.1215 × 10 −6 in the case of CO). The higher energy levels are therefore less populated in the HOA/RRA than in a more realistic computation, and these levels play a relatively larger role the higher the temperature. At the lowest temperatures the few lowest eigenstates dominate the value of Q int , and these levels have slightly too high energies in HOA/RRA and therefore also cause Q int from HOA/RRA to be substantially underestimated for low temperatures. Numerical differences are small, but the percentage difference is substantial: between 80 K and 1200 K the difference is 10 to 20 percent. Anharmonicity (difference between cases 1 and 2) for H 2 is only relevant above 1000 K. Interaction between rotation and vibration gives only 2 percent difference (between cases 2 and 3) below 2000 K and becomes substantial thereafter. Since D 0 = 36118.0696 cm −1 , and T e = 91700 cm −1 for the B 1 Σ + u state, for H 2 it makes no difference whether excited electronic states are taken into account or not for low temperatures or if arbitrary truncation (e.g. 40000 cm −1 ) is below the first excited state. On the other hand, summing above the dissociation energy, at temperatures above 10000 K gives larger Q int than it should be, assuming only the ground electronic state is available. On the other hand, if the RRA is used, Q int is still somewhat too low even if erroneously, it is summed to infinity. Case 6 shows how large the difference is when nuclear spin-split degeneracy is omitted from the full calculations and σ = 1/2 is used. For temperatures below 200 K, case 6 overestimates the partition function by up to a factor of 2 compared to case 8. For T between 200 K and 2000 K, cases 6 and 7 are indistinguishable from case 8. Above 2000 K even case 7 (and 6) gives different results. The latter is due to poor predictions of the higher rotational energy states at higher vibrational levels. Naturally, using different approaches (cases 1-8) leads to different estimates of thermodynamic quantities. In Fig. 4 the adiabatic index γ, the normalised internal energy (E int /RT ), and the entropy S are shown for all the cases. Constant adiabatic indexes (5/3 or 7/5) clearly completely misrepresent reality for a wide range of temperatures when local thermal equilibrium (LTE) is assumed. When considering the simplest cases (case 1 to 5), they follow the 7/5 simplification well until 1000 K, but are far from the most realistic estimate (case 8). Case 6 gives results almost identical to case 7 above 300 K. Case 7 is indistinguishable from case 8 up until 2000 K. The same trends can be seen for internal energy. From a first glance, the entropy seems to be very similar in all the cases, but this is because the dominating factor comes from Q tr . Keeping that in mind, variability throughout all the temperature range is substantial. Entropy in case 7 is accurate until 3000 K. Now we compare equilibrium and normal hydrogen. Equilibrium, normal, and one, neglecting OPR, partition functions are shown in Fig. (5) . At low temperature, the three models show large differences, while in the high temperature range (T > 2000 K) the results coalesce. The same trends can be seen for the calculated thermodynamic quantities (Fig. (6) ). Both internal energy and specific heat at constant pressure are lower for normal hydrogen, whereas equilibrium hydrogen has higher values. The adiabatic index is dramatically different for both cases. Normal hydrogen does not have a depression at low temperatures. This depression can lead to accelerated gravitational instability and collapse in molecular clouds to form pre-stellar cores and protoplanetary cores in protoplanetary disks. Large differences in entropy are only present at temperatures below 300 K. Neglecting OPR would lead to intermediate values between normal and equilibrium hydrogen. Fig. 6 . Normalised internal energy, C p , adiabatic index and entropy, calculated for equilibrium, normal, and with neglected OPR hydrogen. For C p and entropy JANAF data are also shown.
Other studies.
There are a number of commonly used studies of Q int . Here we give a brief summary of how other studies were performed, which simplifications they used, which molecular constants were adopted, and for which temperature range they were recommended. We stress that although it is commonly done, data must not be extrapolated beyond the recommended values under any circumstances. The resulting partition functions as well as their derivatives often diverge from the true values remarkably fast outside the range of the data they are based on. In our present study we took care to validate our data and formulas, such that they can be used in a wider temperature range than thos of any previous study. Our data and formulas can be safely applied in the full temperature range from 1 K to 20000 K and easily extended beyond 20000 K in extreme cases, such as shocks, by use of the listed Dunham coefficients.
Tatum 1966 (42, T1966) presented partition functions and dissociation equilibrium constants for 14 diatomic molecules in the temperature range T = 1000 − 8000 K with 100 K steps. Calculations were made using case 5. The upper energy cut-off was chosen to be at 40000 cm −1 . Only the first few molecular constants were used (ω e , ω e x e , B e , α e ).
Irwin 1981(24, I1981) presented partition function approximations for 344 atomic and molecular species, valid for the temperature range T = 1000 − 16000 K. Data for molecular partition functions were taken from (42; 31; 26). (24) gave partition function data in the form of polynomials,
which is very convenient to use. For each species, the coefficients of Eq. (51) were found by the method of least-squares fitting. Some molecular data were linearly extrapolated before fitting the coefficients. For the extrapolated data the weight was reduced by a factor of 10 6 . Irwin stated that these least-squares fits have internally only small errors. However, a linear extrapolation to strongly non-linear data results in large errors even before fitting the polynomial, and the size of the errors due to this effect was not estimated. Rossi et al. 1985 (37, R1985) presented total internal partition functions for 53 molecular species in the temperature range T = 1000 − 5000 K. Molecular constants (ω e , ω e x e , B e , α e ) were taken from (23). For diatomic molecules the authors followed Tatum's (42) paradigm, case 5. The authors claimed that Q J was evaluated with a non-rigid approximation (37), but upon a simple inspection it is clear that they used rigid-rotor approximation. They did, however, allow interaction between vibration and rotation. An arbitrary truncation in the summation over the electronic states is at 40000 cm −1 . For polynomial approximations the authors considered the "exact" specific heat, whose behaviour near the origin is more amenable to approximation schemes. The partition functions were then obtained by integration (37). Their specific heat approximation is
Bohn and
where Z = T/1000 and a m are coefficients. The partition function they obtained is listed as the seven filling constants a 0 to a 6 to the polynomial:
Kurucz 1985 (28, K1985) commented on the situation regarding the partition functions of H 2 and CO. Approximate expressions for the molecular partition functions in previous studies were considered not rigorous enough because they did not include coefficients of sufficiently high order and did not keep proper track of the number of bound levels. K1985 used experimentally determined energy levels, when available, and supplemented them with fitted values, presumably extended to a higher cut-off energy as discussed in Sect. 2.6 and Fig. 1 above. The author explicitly summed over the energies of the three lowest electronic states (data for H 2 were derived from (10)) and gave polynomial fits for the partition functions between 1000 K and 9000 K and also tabulated the exact results with steps of 100 K.
Irwin1987 (25, I1987) Irwin (1987) presented refined total internal partition functions for H 2 and CO. The partition function polynomial approximations are valid for the temperature range T = 1000 -9000 K. Estimated errors at 4000 K are 2% for H 2 and 0.004% for CO. Y i, j for H 2 were determined by using an equally weighted simultaneous least-squares fit of Dunham series using energy data obtained from (10) . This was done for the ground H 2 electronic state only. I1987 compared his results with those of (28; 38) and found slightly higher values of Q, which he attributed to a combination of the number of included electronic states and a difference in the treatments of the highest rotational levels. Our results indicate that the main difference between the results of I1987 (25) and K1985 (28) is the use of slightly too low energies in I1987 of the highest rotational levels, and we conclude that the value trend by K1985 is slightly closer to the values obtained by a full treatment (our case 8) than are those of I1987. A main difference between our method and those of I1987, K1985, and older works is, however, that our method is applicable in a higher temperature range and can treat ortho and para states separately. It can therefore be used in a wider range of physical conditions, including shocks, non-equilibrium gasses, etc.
Pagano et al. 2009(34, P2009
) presented internal partition functions and thermodynamic properties of high-temperature (50 -50000 K) Jupiter-atmosphere species. The authors used case 7 to calculate the partition functions with more than the first few (e.g. ω e and ω e x e , B e and D e ) molecular constants for the ground and first few electronically excited states. The calculations are completely self-consistent in terms of maximum rotational states for the individual vibrational levels, presumably such that E(v, J max ) ≈ D 0 for each v.
Laraia et al. 2011 (29, L2011
) presented total internal partition functions for a number of molecules and their isotopes for the temperature range 70 − 3000 K. The methods used in this study are based on (14; 12). Rotational partition functions were determined using the formulae in (32; 33). Vibrational partition functions were calculated using the harmonic oscillator approximation of (22). All state-dependent and state-independent degeneracy factors were taken into account in this study. The H 2 partition function was calculated as a direct sum using ab initio energies. A four-point Lagrange interpolation was used for the temperature range with intervals of 25 K. Data are presented in an easily retrievable FORTRAN program (29).
Colonna et al. 2012(9, C2012) gave a statistical thermodynamic description of H 2 molecules in normal ortho/para mixture. The authors determined the internal partition function for normal hydrogen on a rigorous basis, solving the existing ambiguity in the definition of those quantities directly related to partition functions rather than on its derivatives (9) . The authors used case 7 with more molecular constants for the ground and first few electronically excited states than shown with equations 35. Internal partition function as well as thermodynamic properties for 5 -10000 K are also given. Comparison. Figure 7 shows the normalised value of Q int for molecular hydrogen from the ten different studies we have described here, in their respective temperature ranges listed in the respective studies. The normalisation is made with respect to the results of this work (case 8). For C2012 normal hydrogen Q int is used, whereas equilibrium hydrogen Q int is used for all the other studies. The main frame of Fig. 7 is for the 1000-20000K temperature range. The inset shows the low-temperature (10 -1000 K) range. In the low-temperature range our results clearly differ only marginally from the three studies (P2009, L2011, C2012) that listed values of Q int for low temperatures (the percentage difference is smaller than 0.1 percent in most of the temperature range). Since L2011 did not normalise the spin-split degeneracy, their results had to be divided by a factor of 4 before the comparison, shown in Fig. 7 . In the high-temperature range, all studies using cases 1-5 have large errors (also seen from our case comparison in Fig. 3 ). Since K1985 explicitly derived his partition functions from experimental energy data, his results are in very good agreement with our results (from case 8) for his given temperature range (1000 -9000 K). I1987 is also in great agreement with both K1985 and our results for the same temperature range. Using the values of Y i j determined by I1987 gives results that perfectly agree with our work, as expected. At the higher end of the I1987 recommended temperature range, however, the polynomial approximation starts to have larger errors (the estimated 2 percent). At the highest temperature range, P2009 and C2012 also start to show considerable errors. These two studies are the only ones based on summation of energy levels, calculated based on molecular constants, and the comparison of our work with P2009 and C2012 therefore illustrates approximately how large errors in Q int are obtained from methods based on molecular constants. The reason is, as mentioned before, that molecular constants are commonly fitted to the bottom of the potential well and poorly represent higher vibrational and rotational states energies. Finally, the I1981 results follow the T1966 results perfectly until 8000 K, which is the latter's high temperature limit. Then, since I1981 extrapolated data, the corre- sponding Q int begin to show exponentially larger errors and is completely unreliable, which illustrates both how poor the HO + RR approximation represents reality (T1966 and I1981), and, in particular, how unreliable it can be to extrapolate beyond the calculated or measured data (as was done in the work of I1981), as seen clearly in Fig 7 .
In Fig. 8 our results for H 2 specific heat at constant pressure are compared to (26, JANAF), (30, LeRoy), (34, P2009) and (9, C2012). The latter is compared to our results for normal hydrogen, and the others are compared to our equilibrium hydrogen calculations. All calculations agree very well until 10000 K. Figure 9 depicts our results for entropy calculations for H 2 . Once again, the agreement is very good (except with C2012 below 100 K), especially between our results and the JANAF data. However, there is a systematic offset between LeRoy and our results (and those of JANAF) of 11.52 J K −1 mol −1 . This might be due to slightly different STP values, used by (30), resulting in slightly different Q tr . We note that the JANAF data represent equilibrium H 2 , while we computed equilibrium as well as normal and ortho and para H 2 (and span a much wider temperature range), which makes our data more generally applicable. Fig. 9 . Same as in Fig. 8 , but for S .
Polynomial fits
Following the common practice, we present polynomial fits to our results. All partition function data were fit to a fifth-order polynomial of the form
The data for the partition function were spliced into three intervals to reach better accuracy. Polynomial constants are given in Table 24 , and the fitting accuracy is shown in Fig. 10 . Combining the three intervals, we reach an error smaller than 2 percent for all the temperature range. The decision for using lookup tables with significantly larger accuracy or the faster polynomial fits with increased errors needs to be made on an individual basis.
Conclusions
We have investigated the shortcomings of various simplifications that are used to calculate Q int and applied our analyses to calculate the time-independent partition function of normal, ortho and para, and equilibrium molecular hydrogen. We also calculated
]/T, and γ. Our calculated values of thermodynamic properties for ortho and para, equilibrium, and normal H 2 are presented in Tables 26, 25 , 27, and 28, rounded to three significant digits. Full datasets in 1 K temperature steps 8 can be retrieved online from (47). The partition functions and thermodynamic data presented in this work are more accurate than previously available data from the literature and cover a more complete temperature range than any previous study in the literature. Determined Dunham coefficients for a number of electronic states of H 2 are also reported. In future work we plan to use the method we described here to calculate partition functions and thermodynamic quantities for other astrophysically important molecular species as well.
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Notes.
[a] Double potential well state. [b] 32 lowest v levels are used in this study. Table 9 . Y i, j for GK 3dσ state, inner well. E max = 116900.0. 
